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Exercise 2
Let p(z) =22 for0 <z <1=1.
(a) Calculate its Fourier sine series.

(b) Calculate its Fourier cosine series.

Solution

Part (a)
The Fourier sine series of our function is defined as

o
z? = E B, sinnmzx.

n=1

To solve for B,, multiply both sides by sin mmz and then integrate both sides from 0 to 1.

o0

2% = E By, sinnmx
n=1
o0

z?sinmmrr = g B, sinnmx sinmmnx

n=1
1 1 o©
/ 22 sinmrz dr = / Z B, sinnmx sinmnx dx
0 0 21
1 00 1
/ 22 sinmrz dr = Z B, / sin nmx sin mmx dx
0 0

n=1

0;

1
5 nm
! 1
2?sinnrrdr = =B,
0 2

s 2+ (=1)"(2 — n?x?)

B =
" n33

2

Therefore, the Fourier sine series for ¢(z) = z° over 0 < x < 1 is

sinnmx.

[e.e]
—2+ (=1)"(2 — n27?)
2 _
=3 2 373
n=1

Below is a graph of y = 22 and its Fourier sine series (first 30 terms).
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Figure 1: Plot of the partial sum n = 30 and y = 22 for 0 < z < 1.
Part (b)
The Fourier cosine series of our function is defined as

1 o0
z? = §Ao + Z A, cosnmz.

n=1

To solve for Ay, simply integrate both sides from 0 to 1.

1 1q 1 o©
2
T d:L‘:/ Aod:L‘+/ E A, cosnmz dx
/0 0 2 0o =

11 ad 1
3:2A0+;An/0 cos nwx dx

=0

2
AO:g
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To solve for A,,, multiply both sides by cosmmx and then integrate both sides from 0 to 1.

o0
2 1
x“cosmnmr = §A0 cosmmx + E A, cosnTr cosmnx

n=1
1 1q 1 o
/ 22 cosmmz dr = §A0 cosmmnzxdr + / E A, cosnmr cos mmx dx
0 0 0
n=1

1 1 1 0o 1
/ z? cosmmz dx = §A0 / cosmmzx dr + E A, / cos nmwx cos mnz dx
0 0 0
n=1

1
1
/ 22 cosmmz dr = —A,
0 2

n2m?2

2

Therefore, the Fourier cosine series for ¢(z) = 2 over 0 < z < 1 is

wl

N
2 __
x° = —i—nE:l o2 COSNTXT.

Below is a graph of y = 22 and its Fourier cosine series (first 5 terms). Note that the Fourier
cosine series converges to 22 much faster than the Fourier sine series because 22 and cosine are
both even functions.
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Figure 2: Plot of the partial sum n =5 and y = 2 for 0 < = < 1.
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