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Exercise 2

Let φ(x) ≡ x2 for 0 ≤ x ≤ 1 = l.

(a) Calculate its Fourier sine series.

(b) Calculate its Fourier cosine series.

Solution

Part (a)

The Fourier sine series of our function is defined as

x2 =

∞∑
n=1

Bn sinnπx.

To solve for Bn, multiply both sides by sinmπx and then integrate both sides from 0 to 1.

x2 =
∞∑
n=1

Bn sinnπx

x2 sinmπx =

∞∑
n=1

Bn sinnπx sinmπx

ˆ 1

0
x2 sinmπxdx =

ˆ 1

0

∞∑
n=1

Bn sinnπx sinmπxdx

ˆ 1

0
x2 sinmπxdx =

∞∑
n=1

Bn

ˆ 1

0
sinnπx sinmπxdx︸ ︷︷ ︸

1
2
δnmˆ 1

0
x2 sinnπx dx =

1

2
Bn

Bn = 2
−2 + (−1)n(2− n2π2)

n3π3

Therefore, the Fourier sine series for φ(x) = x2 over 0 < x < 1 is

x2 =

∞∑
n=1

2
−2 + (−1)n(2− n2π2)

n3π3
sinnπx.

Below is a graph of y = x2 and its Fourier sine series (first 30 terms).
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Figure 1: Plot of the partial sum n = 30 and y = x2 for 0 < x < 1.

Part (b)

The Fourier cosine series of our function is defined as

x2 =
1

2
A0 +

∞∑
n=1

An cosnπx.

To solve for A0, simply integrate both sides from 0 to 1.

ˆ 1

0
x2 dx =

ˆ 1

0

1

2
A0 dx+

ˆ 1

0

∞∑
n=1

An cosnπx dx

1

3
=

1

2
A0 +

∞∑
n=1

An

ˆ 1

0
cosnπx dx︸ ︷︷ ︸

=0

A0 =
2

3
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To solve for An, multiply both sides by cosmπx and then integrate both sides from 0 to 1.

x2 cosmπx =
1

2
A0 cosmπx+

∞∑
n=1

An cosnπx cosmπx

ˆ 1

0
x2 cosmπxdx =

ˆ 1

0

1

2
A0 cosmπxdx+

ˆ 1

0

∞∑
n=1

An cosnπx cosmπxdx

ˆ 1

0
x2 cosmπxdx =

1

2
A0

ˆ 1

0
cosmπxdx︸ ︷︷ ︸

=0

+
∞∑
n=1

An

ˆ 1

0
cosnπx cosmπxdx︸ ︷︷ ︸

= 1
2
δnmˆ 1

0
x2 cosmπxdx =

1

2
An

An =
4(−1)n

n2π2

Therefore, the Fourier cosine series for φ(x) = x2 over 0 < x < 1 is

x2 =
1

3
+

∞∑
n=1

4(−1)n

n2π2
cosnπx.

Below is a graph of y = x2 and its Fourier cosine series (first 5 terms). Note that the Fourier
cosine series converges to x2 much faster than the Fourier sine series because x2 and cosine are
both even functions.

Figure 2: Plot of the partial sum n = 5 and y = x2 for 0 < x < 1.
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